Abstract. Let E be an elliptic curve over a number field K and C its Kisogeny class. We are interested in determining the orders and the types of torsion groups E(K) tors in C. For a prime l, we give the range of possible types of l-primary parts E(K) (l) of E(K) tors when E runs over C. One of our results immediately gives a simple proof of a theorem of Katz on the order sup E∈C |E(K) (l) | of maximal l-primary torsion in C.
Introduction
Let E be an elliptic curve over a number field K. The group E(K) of K-rational points on E is finitely generated; in particular, the torsion subgroup E(K) tors is finite. Let C be the K-isogeny class of an elliptic curve over K. Since there exist at most finitely many K-isomorphism classes of elliptic curves over K in C (cf. [3, Corollary 6.2, p. 264]), the types of torsion groups E(K) tors (E ∈ C) are finite. We are interested in determining the orders and the types of torsion groups E(K) tors in C. For this purpose, we study those properties of the l-primary parts E(K) (l) of E(K) tors in C for each prime number l.
Fix a prime number l. Let G K denote the Galois group Gal(K/K). For E ∈ C, denote by T l (E) the l-adic Tate module of E and by ρ : G K → Aut(T l (E)) the corresponding l-adic representation. As seen in [1, Introduction] , |E(K) (l) | divides det(I − ρ(σ)) for all σ ∈ G K . This also holds for any E ∈ C and for the same ρ as above. Katz showed that the converse is also true in some sense. Note that using this result Katz described the order sup E∈C |E(K) tors | of maximal torsion in C in terms of the reductions E ℘ of E modulo ℘ for almost all primes ℘ (see [1, Introduction and Theorem 2 (bis)]).
In this paper, we show the following.
Note that E has at most l + 1 K-isogenies of degree l up to K-isomorphisms. On account of Theorem 2.3 (i), given K, E and l, we can find a sequence of K-isogenies of degree l, which will allow us in practice to find an elliptic curve E ∈ C with
| and let l n be the number of l-power-th roots of unity in K. We also show that m ≥ min{n, M/2} (Proposition 3.3) and that if T l (E) is irreducible and M > 2n, then m = n (Theorem 3.4).
Finally
when E runs over C, we describe the range where (s, t) can appear.
It is to be noted that the groups
we see that Theorem 3.1 follows from Theorem 2.3, which is deduced from the properties of G-stable lattices in V (see the following section). In order to prove (1)) is a direct corollary of Theorem 2.3 (i). It follows that we give another proof of the theorem of Katz, which is simpler and more elementary than that given in [1] . Remark 1.2. It is easy to see that Theorem 3.1 (i) implies Theorem 1.1. Katz [1] also considered abelian varieties of dimension greater than 1, for which Theorem 1.1 does not hold in general (see Introduction in [1] ). Hence, Theorem 3.1 (i) does not hold in general either for higher dimensional abelian varieties.
Notation. Let K be a number field and l a prime number. Fix the K-isogeny class C of an elliptic curve over K. Denote by l n the number of l-power-th roots of unity in K. Put
and put
where E(K) (l) denotes the l-primary part of the torsion subgroup E(K) tors .
Maximal and minimal torsion
Let k be a field. We begin by an elementary lemma.
Lemma 2.1.
Let A, B ∈ M2(k) be 2 × 2 matrices with the coefficients in k such that det A = det B = 0. Then, for all α, β ∈ k we have
The proof of the lemma needs only an elementary calculation, that we leave to the reader.
We define subspaces of M2(k) by
and
Let l be a prime number and
where I :
Then, for σ ∈ G the attached representation ρ has the form
Our assumption implies that det A σ ≡ 0 (mod l) for all σ ∈ G. Since
for all σ, σ ∈ G by Lemma 2.1. Let U ρ be the subspace of M2(Z/lZ) generated by A σ mod l for σ ∈ G. Every element A ∈ U ρ is of the form
every element A ∈ U ρ satisfies det A = 0 by linearity. Hence by Lemma 2.2, we see that for some α ∈ Z/lZ ∪ {∞},
Next, if U ρ ⊂ W α for some α ∈ Z/lZ, we may assume that U ρ ⊂ W 0 , since
where α denotes the representative of α in {0, 1, . . . , l − 1}. Hence by the same argument as above, we have
Case 2. If U ρ ⊂ t W ∞ , then for σ ∈ G the representation ρ has the form
and we have T (G, L) Z/l s Z ⊕ Z/l t+1 Z, which contradicts the assumption. Similarly, the case where U ρ ⊂ t W α for some α ∈ Z/lZ cannot happen. This completes the proof of (i).
(
ii) Suppose that T (G, L) is not cyclic. This implies that
By the consideration in (i), we may assume that
y).
Then, for σ ∈ G the attached representation
where
This completes the proof of Theorem 2.3. 
Possible types of torsion on elliptic curves
Let K be a number field and K the algebraic closure of K. Denote by G K the Galois group Gal(K/K) of K over K. Let l be a prime number. Fix the K-isogeny class C of an elliptic curve over K. For E ∈ C, denote by T l (E) the l-adic Tate module of E and by ρ :
Hence, for an elliptic curve E ∈ C we put V l := T l (E) ⊗ Q l , and for any E ∈ C we regard T l (E ) as a G K -submodule of V l . The finiteness of the K-isomorphism classes of elliptic curves in C allows us to let
Theorem 2.3 implies the following.
Corollary 3.2. Let
l M := sup E∈C |E(K) (l) | and v := sup{N ∈ Z ; E(K) ⊃ Z/l N Z, E ∈ C}.
Then there exists an elliptic curve
Proof. Let
Suppose that v + w < M. Then Theorem 3.1 (i) implies that there exists E 1 ∈ C such that E 1 (K) (l) is isomorphic either to
which contradicts the definition of v or w, respectively. Hence we have v + w = M , which completes the proof of the corollary.
Let l n be the number of l-power-th roots of unity in K. Since det ρ is the l-adic cyclotomic character of K, we have
Next, we give a lower bound for m.
Proof. It suffices to show that if m < n, then m ≥ M/2. We may assume that m < M; thus there exists E ∈ C such that E(K) (l) Z/l m Z by Remark 2.4 (3). Choose a basis {x, y} for T l (E) such that E(K) (l) = x mod l m with y arbitrary. Then, for σ ∈ G K the attached representation ρ has the form
Since m < n and det ρ(σ) ≡ 1 (mod l n ) for all σ ∈ G K , we see that
Then, for σ ∈ G K the attached representation ρ has the form
where c σ := l −m c σ ∈ Z l . It follows from (3.1) that
If m < M/2, then det A σ ≡ 0 (mod l) for all σ ∈ G K , and from Lemma 2.2 and (3.1) we see that U ρ = W α for some α ∈ Z/lZ ∪ {∞}, where U ρ is the subspace of M2(Z/lZ) generated by A σ mod l for σ ∈ G K . Hence, there exists A ∈ U ρ such that tr A = 0, which contradicts (3.2). Therefore, we have m ≥ M/2.
Secondly, assume that c (3.1) ) and the following relations:
Therefore, one can find τ ∈ G K such that b τ c τ ≡ 0 (mod l m ), which implies that m ≥ M/2. This completes the proof of Proposition 3.3.
In case V l is irreducible, the following holds.
Theorem 3.4.
Assume that V l is an irreducible G K -module and that M > 2n. Then we have m = n.
We conclude this paper by describing the range where (s, t) can appear, when E runs over C.
(I) V l is an irreducible G K -module. If M > 2n, then for each N with n ≤ N < M − n there exists E N ∈ C such that E N (K) (l) Z/l N Z. Indeed, for N = n, Remark 2.4 (3) assures that there exists E ∈ C such that E(K) (l) Z/l n Z, since m = n by Theorem 3.4. Then we have M − n < v, and by Corollary 3.2 there exists E ∈ C such that
